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ABSTRACT 
Perron values of tournament matrices have been of interest to a number of 
authors recently, In 1983, Brualdi and Li made a conjecture as to which matrix 
minimizes the Perron value over the class of irreducible n × n tournament matrices. 
We prove that conjecture, using both matrix theoretic and graph theoretic techniques. 
1. INTRODUCTION AND PREL IMINARIES  
A tournament is an orientation of the complete graph-- i .e,  a loop-free 
directed graph on vertices 1 . . . . .  n with the property that for any pair of  
distinct vertices i and j, either i ~ j or j ~ i, but not both. A tournament 
matrix is the adjacency matrix of a tournament- - in  other words, a (0, 1) 
matrix T with zero diagonal and the propert T that for any pair of distinct 
indices i and j, either tij = 1 and t)i = 0, or tij = 0 and tji = 1. Tourna- 
ments have long been of interest o graph theorists (see [12] and [1] for some 
surveys), and tournament matrices have been the subject of some recent 
activity'; in particular, several authors have studied the Perron values of 
tournament matrices (see [7], [8], and [9], for example). The present work also 
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focuses on Perron values of tournament matrices; throughout we use the 
notation p(M) to denote the Perron value of an irreducible nonnegative 
matrix M. 
One question of interest o those who look at tournament matrices is the 
following: for a fixed order n >/3, which tournament matrix yields the 
minimum possible Perron value over the class of irreducible tournament 
matrices? Brualdi and Li [4] conjecture that the irreducible tournament 
matrix of order n which minimizes the Perron value has the following form: 
-0  1 0 0 0 -'. 0 0 
0 0 1 0 0 .-- 0 0 
0 0 1 0 0 ..- 0 
1 0 0 1 0 .." 0 
1 ".  1 1 0 0 1 
1 "" 1 1 1 0 0 n×n 
(,) 
Notice that the score vector - - that  is, the vector of row sums- -o f  this matrix 
is [1 1 2 3 4 .-. n -3  n -2  n -2 ]  r .We denote this vector by (r,; if, 
for a tournament matrix T, there is a permutation matrix P such that the 
score vector of PTP  T is o'a, then we say that the scores o f  T are equivalent 
to ~.. 
In this paper we prove Brualdi and Li's conjecture by establishing two 
main results. First, we show in Section 2 that if T is a tournament matrix 
which minimizes the Perron value over the class of irreducible tournament 
matrices of order n, then the scores of T are equivalent o (r,. Then in 
Section 3 we show that of all the tournament matrices whose scores are 
equivalent to o'~, the matrix given by (* )  yields the smallest Perron value. 
This latter result is obtained by making use of a canonical form for 
tournament matrices with score vector o n. In [3], Brualdi and Li show that if 
T is a tournament matrices with score vector o'a, then there are indices 
2 ~<i 1~i  2 ~ -" ~ i  k ~< n such that T has the form shown in Figure l. We 
denote the matrix in Figure 1 by T1, q ..... i~, , and note that in terms of 
graphs, the tournament associated with T1, ~ ..... ~,, contains the special arcs 
1-~i  1, i j - - * i j+  1 for 1 ~<j ~<k-  1, and i k - - *n ,  while all other arcs are 
directed from the higher numbered vertex to the lower numbered vertex. 
[Observe that in our notation, the matrix in (*)  is T1, 2 ....... .] The particular 
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FI(;. 1. 
s t ructure  of  tournament  matr ices  wi th  score vector  g, makes  it poss ib le  to 
analyze the i r  character is t ic  polynomials ,  and  hence  to draw some conclus ions 
about  the i r  Per ron  values. 
In  o rder  to show that  the  tournament  matr ix  wh ich  min imizes  the Per ron  
value must  have scores wh ich  are equ iva lent  to o;,,, we make use of the  
fol lowing result,  wh ich  is essent ia l ly  Theorem 5.1 of  [7]. 
PROPOSITION 1 [7]. For  any  n > 3, p(T i .2  ....... ) < 2.5. 
F rom Propos i t ion  l we see that  the  min imum Per ron  va lue over  the  class 
of  i r reduc ib le  tournament  matr ices  is necessar i ly  less than  2.5, and  we show 
in Theorem 1 of  Sect ion 2 that  i f  T is an i r reduc ib le  tournament  matr ix  of  
o rder  n such that  p IT )  < 2.5, then  e i ther  the scores of  T are equ iva lent  o 
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~r n, or there is a pair of indices (i, j) satisfying each of the following four 
conditions, which we refer to collectively as property A: 
(1) tij = 1. 
(2) For any l~<k ~<nsuchthat k ~:j, t ik= l~t jk= 1. 
(3) There is at least one k such that tik = 0 and tjk = 1. 
(4) The tournament matrix T(i, j )  obtained from T by setting tij equal to 
0 and tji equal to 1 is irreducible. 
In this situation, we also say that the pair of rows ( i , j )  of T has property A. 
We note that the pair of rows (i, j )  of T has property A if and only if the pair 
of rows (j, i) of T ~ has Property A. [We remark that the tournament 
associated with T(i, j )  is obtained from that associated with T by reversing 
the orientation of the arc between vertex i and vertex j.] 
The significance of property A is apparent from the following result, 
which is a slight recasting of Corollary 2.11 of [11]. 
PROPOSITION 2 [11]. Suppose that M is an irreducible tournament 
matrix, and that the pair of rows (i, j) of M has property A. Then 
p(M(i, j ))  < p(M). 
We see from Proposition 2 that any irreducible tournament matrix T 
having a pair of rows (i, j) with property A could not possibly minimize the 
Perron value, since T( i , j )  is an irreducible tournament matrix having a 
smaller Perron value. 
Our discussion in Section 2 makes extensive use of the following notion: 
given a tournament matrix T, the reversal index of T, denoted by iR(T) , is 
the minimum number k such that the reversal of the orientation of k arcs in 
the tournament associated with T results in a reducible matrix. Suppose that 
T is a tournament matrix of order n >~ 2, that T has score vector s, and that 
s 1 ~< "." ~< s o. It is shown in [10] that 
/ t t1 / iR(T ) =min  ~s~ - ~<j ~n-  1 ; 
evidently the reversal index of the only 1 × 1 tournament matrix, [0], is zero. 
In particular we see that the reversal index of a tournament matrix T is a 
lower bound on its minimum row sum, which is in turn a lower bound on 
p(T). In the special case that in(T) = 1 [i.e., there is an arc i -->j in the 
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tournament associated with T such that T(i, j )  is reducible], it is not difficult 
to see that there is a permutation matrix P such that 
pTp T = 
A~ J 
J 
j -  B T 
A 2 
j °.. 
°.. 
Ak - I  
J 
0 
0 
where each A i is an irreducible tournament matrix, k /> 2, B is a (0, 1) matrix 
containing exactly one 1, and 0 and J represent blocks of O's and l's, 
respectively. 
Throughout he sequel we will use e i to represent a vector with a 1 in the 
ith position and O's elsewhere, while 0 and 1 are the zero vector and the all 
ones vector respectively; the orders of each of these vectors will be clear from 
the context. We will also use a number  of basic concepts and results from 
both graph theory and the theory of nonnegative matrices. We refer the 
reader to [2] and [13] respectively for background in those areas. 
2. TOURNAMENT MATRICES WITH PERRON VALUE LESS 
THAN 2.5 
We require several lemmas in order to prove the main result of this 
section. The first uses the well-known fact (see [13], for example) that if A is 
an irreducible nonnegative matrix and x is a nonnegative vector such that 
Ax ~> rx  (where the inequality holds entrywise), then p(A) >~ r. 
LEMMA I. Suppose that T is a tournament matrix of  order n ~ 4 which 
has minimum row sum 2. I f  p(T) < 2.5, then T has at least three rows 
whose sum is "2. 
Proof. We first suppose that T has exactly one row with sum 2, and the 
remaining row sums are at least 3. We suppose without loss of generality that 
the first row of T has sum 2. Letting x = [2 3 3 ."  3] v, we find that since 
8 T has zero diagonal, Tx/> [6 8 8 "-" 8] r ~> :¢x, from which it follows that 
8 p(T) >~ 5 > 2.5. 
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Next suppose that T has exactly two rows with sum 2, and the rest have 
sum at least 3. Without loss of generality, we suppose that the first two rows 
o f t  have sum 2, and that t12 = 1. Let t ingy=[1  a 13 /3 .'- /3] ,where 
10 a=-6-and  /3= ~,wef indthatTy />[a+/3  2/3 1 + a+/3- . .1  + a+ 
/3]T. Since a + /3 = 5 7 5 a, and 1 + a+/3= ~f> 7 /3= ~- ,we 
5 find that Ty >~ ~y, which yields p(T) >~ 2.5. Thus, if p(T) < 2.5, then T 
must have at least three rows with sum 2. • 
REMARK. The matrices listed below provide examples of irreducible 
tournament matrices having minimum row sum 2, Perron value less than 2.5, 
and (respectively) three, four and five rows whose sum is 2: 
iil000i] [i 1001i]  0,00  0 0 0 1 0 0 1 0 
0 1 0 1 ' 1 0 0 0 ' 
1 0 0 0 1 1 1 0 
1 1 1 0 0 1 1 1 
0 1 1 
0 0 1 . 
0 0 0 
1 0 0 
Our next lemma also concerns tournament matrices whose minimum row 
sum is equal to 2. 
LEMMA 2. Suppose that T is a tournament matrix, that p(T) < 2.5, and 
that the minimum row sum of T is 2. Then T has at least three pairs of rows 
(a~, bi), 1 ~< i ~< 3, satisfying (1)-(3) of property A. Further, a 1, a2, a 3 are 
distinct, and bl, b2, b 3 are distinct. In particular, if iR (T )= 2, all three 
pairs of rows of T have property A. 
Proof. Since the minimum row sum for T is at least 2 and p(T) < 2.5, 
we find from Lemma 1 that T must have at least three rows with sum 2; 
without loss of generality we will suppose that rows 1, 2, and 3 have sum 2. 
Now for distinct i and j we have tli = tlj = 1. If  tij = 1,  then the pair (1, i) 
satisfies (1)-(3) of property A, while if tj~ 1, then (1, j )  satisfies (1)-(3) of 
property A, Arguing analogously on rows 2 and 3, we see that there are 
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indices a, b, and c such that (1, a), (2, b) and (3, c) satisfy (1)-(3) of proper- 
tyA. 
Suppose for example that a = b. Then tl, , = t2~ = 1, so that tal = t,, 2 = 
0. But since one of tie and tel is 1, we find that one of (1, a) and (2, a) can't 
satisfy (2) of property A. Hence a, b, and c must be distinct, as desired. The 
final statement of the lemma is deduced from the above and the fact that 
T(1, a), T(2, b), and T(3, c) are all irreducible if ia(T) = 2. • 
EXAMPLE l. For the matrix 
0 1 1 
0 0 1 , 
0 0 0 
1 0 0 
the reversal index is 2, and the Perron value is 2. Note that each of the pairs 
of rows (1, 2), (2, 3), and (3, 4) has property A, as anticipated by Lemma 2. 
The last lemma of this section takes care of a special ease which arises at 
several points in the proof of Theorem 1. 
LEMMA 3. 
or of  the form 
Suppose that T is a tournament matrix of  the fi~rm 
[, 
I r - e?' ' ] 
where the scores of  A are equivalent o ~,. Then either the scores of T are 
equivalent o %+1, or T has a pair of  rows with property A. 
Proof. We suppose without loss of generality that the score vector of A 
is equal to o-, and we first consider the ease that 
T ~ 
1T i" - e j  
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If  j /> n - 1, then the scores of T are equivalent to ~, + 1. On the other hand, 
i f3 ~<j ~< n - 2, we see that the pair of rows (n - t, n) o f t  satisfies (1)-(3) 
of property A if t n_ 1, n = 1 ,  while the pair of rows (n, n - 1) of T satisfies 
(1)-(3) of property A if t,,,,_l = 1. Further, since the score vector of 
T (n -  1, n) can be reordered to yield [1 2 3 " . j -  1 j+  1 j+  1 j+  
2. . .  n - 3 n - 3 n - 1, n - 1] 7 , we find that is(T(n - 1, n)) = 1, so that 
T(n - 1, n) is irreducible, Hence a pair of rows of T has property A, A 
similar argument applies if j ~< 2, yielding the desired result. 
The second case is argued similarly. • 
We are now ready to prove the main result of this section. In the proof, 
we will use the following terminology. Let T be a tournament matrix, and 
suppose that A is the principal submatrix of T on rows and columns 
a 1 . . . . .  a m. Further suppose that the pair of rows (i, j )  of A has property A. I f  
the pair of rows (a i, aj) of T also has property A, then we will say that the 
pair of rows (i, j )  of A lifts to a pair of rows of T with Property A. 
THEOREM 1. Suppose that M is an irreducible tournament matrix of 
order n >~ 3, and that p(M) < 2.5. Then either the scores of M are equiva- 
lent to cr n, or M has a pair of rows with property A. 
Proof. We proceed by induction on n, and note that if n is 3 or 4, then 
the scores of M are equivalent o ~,  so that the result holds trivially. We 
suppose henceforth that n >~ 5, and that the result holds for matrices of 
order l, where 3 ~< l ~< n - 1. Since p(M) < 2.5, the minimum row sum for 
M is at most 2, so that 1 ~< iR(M) ~< 2. I f  iR(M) = 2, then the result follows 
immediately from Lemma 2. 
We now suppose that iR(M) = 1. Without loss of generality, M can be 
taken to have the form 
M = 
AI 
j - B r 
A 2 
J • . -  Ak_  1 
0 
0 
where each A i is an irreducible tournament matrix, k >~ 2, and B is a (0, 1) 
matrix with exactly one 1 in it. There are several cases to consider. 
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Case 1: k >~3. Since p(Aj) <2.5  for each 2 ~<j ~<k-  1, we find 
that iR(A j) must be 0, 1, or 2 for such j. I f  iR(Aj) = 2 for some 2 ~<j ~< k - 
1, then by Lemma 2, some pair of rows of Aj has property A; since those 
rows are bordered by O's and l's in the same positions in M, we find that that 
pair of rows of Aj lifts to a pair of rows of M which has property A. If 
in(Aj) = 1 for some 2 ~<j ~ k - 1, then Aj can be taken to have the form 
Aj  
P1 
j _ Qr  
"'° ~r -1  
0 
0 
for some r >~ 9~, 
where Q contains a single 1. Let a and b be the row and column indices 
(respectively) of Aj corresponding to the 1 in Q. Then the pair of rows (a, b) 
of Aj satisfies (1)-(3) of property A, and it now follows that the correspond- 
ing rows of M must have property' A [note that the block structure of M 
ensures that (4) of property A also holds for the pair of rows of M 
corresponding to (a, b)]. 
Now suppose that iR(Aj) = 0 for 2 ~<j ~< k - 1--i.e., each such Aj is a 
1 × 1 zero matrix. I f  both A~ and A k are 1 × 1 zero matrices, then the 
scores of M are equivalent to ~r and we are done. If  one (or both) of A l and 
A k is not a 1 × 1 zero matrix, then the principal submatrix 
L=[ A .] 
J - B r A k 
of M is irreducible with Perron value less than 2.5. From the induction 
hypothesis, either L has a pair of rows (a, b) with property A, or its scores are 
equivalent to o" l for some l. In the latter ease, we find that the scores of M 
are equivalent o tr  (since A 2 . . . . .  Ak_ 1 are 1 × 1 zero matrices). In the 
former case, note that either a and b both correspond to rows of A 1, or they 
both correspond to rows of A k [if one corresponds to a row of Aj and the 
other corresponds to a row ofA  k, then necessarily the 1 in B is in row a and 
column b of L, so the pair of rows (a, b) of L does not satisfy condition (4) of 
property A]. Thus rows a and b of L are bordered by O's and l's in the same 
positions in M, and hence the pair of rows (a, b) of L lifts to a pair of rows of 
M with property A. This completes case 1. 
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Case 2: k =2 and neither A l nora  2 is a l × 1 zero matrix. In this 
case we have 
M = 
A1 
J- 4 
Eij 
where Eij has a single 1 in row i and column j. Consequently, both 
[A1 i oj] [0 i and M~ = 
M1 = 1 r -  e~ 0 l -e  i A2] 
are irreducible proper principal submatriees of M, so the induction hypothe- 
sis applies to both. Suppose that A 1 and A 2 are of orders l and n - 1 
respectively. I f  M l and M e have scores which are equivalent o ~rl+ 1 and 
o'._ l + L respectively, we find that in fact the scores of M are equivalent to o-.. 
Next, suppose for concreteness that M 1 has a pair of rows (a, b) with 
property A. Note that necessarily a, b >>. l, since row 1 + 1 of M 1 can't belong 
to any pair of rows having property A. Thus rows a and b of M are obtained 
from the corresponding rows of M 1 by filling them out with O's and l 's in the 
same positions, and it now follows that the pair of rows (a, b) of M 
necessarily has property A. An analogous argument goes through if M 2 has a 
pair of rows with property A, completing case 2. 
Case 3: k =2 and one of A 1 and A 2 is a l × l zero matrix. Without 
loss of generality we will assume that A 2 is a 1 × 1 zero matrix, so that 
M = 
I A1 
1 r - e~ 0 
for some 1 ~<j ~<n-  1 
(the case where A 1 is a 1 × 1 zero matrix can be transformed to this one by 
transposing M, then simultaneously permuting its rows and columns). I f  
in(A 1) = 2, there are at least three pairs of rows of A 1 which have property 
A, by Lemma 2. Since at most one of those pairs of rows is of the form (j ,  q) 
for some index q, we find that M must have at least two pairs of rows with 
property A. I f  iR(A 1) = 1 and the scores of A 1 are equivalent o o'._ 1, the 
result follows from Lemma 3. 
We now assume that in(A l) = 1, but the scores of A 1 are not equivalent 
to ~r n_ 1- Since the induction hypothesis applies to A1, we find that A 1 has a 
pair of rows (a, b) with property A. We note that the pair of rows (a, b) of M 
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will fail to have property A only in the case that j = a. We wilt assume that 
this is the case, otherwise we are done. 
Because iR(AI) = 1, we can take A 1 to have the form 
$1 
j -  c T 
$2 
• "" Sm 1 
0 
0 
where each S 1 is irreducible, and C has a single 1 in it, corresponding to the 
(1, n - 1) position of A 1. We will let S a . . . . .  S,, denote the sets of row and 
column indices corresponding to S 1 . . . . .  S,, respectively. Evidently a = j  E S~ 
and b ~ S i for some 1 ~ i ~ m, and in particular, we note that S i is of order 
at least 3 (since no 2 × 2 tournament matrix is irreducible). I f  j ~ S~, then 
j = a =~ 1, because the pair of rows (1, n - 1) o fA  1 doesn't have property A, 
while any other pair of rows of A t having property A and involving row 1 
must necessarily be of the form (a, 1). Since j = a :/: 1, we find that the pair 
of rows of (1, n - 1) of M has property A. 
I f  a = j  and b are both in S i for some i /> 3, then the principal submatrix 
of M on lines (i.e. rows and columns) S i . . . . .  S,~, n is irreducible, and it 
follows that M can be classified under case 1 (i.e. k >~ 3), which has already 
been discussed. Henceforth we will assume that a = j  and b are both in S~. 
Next, suppose that m ~> 3; then we have the following as a proper 
principal submatrix of M on the lines given by S 1, a, b,  Sa . . . . .  S,,, and n: 
T = 
S 1 
b j 
a 
J 
j -  c r 
i r 
0 
0 
J 
J ° . ,  
S m l 
J 
0 
0 
Sm 
0 
1 
O 
O 
I f  it is not the case that m = 3 and S,,, is the 1 × 1 zero matrix, then the 
scores of T are not equivalent to the appropriate o-f (since no score of T can 
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equal s + 1, where s is the order of $1). In that case, there is a pair of rows 
(c, d) of T which have property A, and necessarily neither c nor d can 
coincide with a or b. Since the rows of M corresponding to c and d are 
formed from rows c and d of T by bordering with O's and l's in the same 
positions, we find (c, d) lifts to a pair of rows of M with property A. 
In the case that m = 3 and S m is the 1 × 1 zero matrix, then 
M = 
I S 1 0 
J s2 
IT - c r IT 
IT IT - u r 
ou] 
0 0 
where u and e are vectors containing a single 1. I f  S 1 is not the 1 × 1 zero 
matrix, then we can refer this case to Case 2, since [Ts  o] U 
I T 0 
1 - u r 1 
is irreducible. So suppose that S 1 is a 1 x 1 zero matrix. Then the submatrix 
of M on lines 2 . . . . .  n either has scores equivalent to ~,_ 1, or a pair of rows 
(e, f )  with property A. In the former case the conclusion holds by Lemma 3. 
In the latter case we see that neither e nor f can correspond to row n - 1 of 
M, and so the pair of rows (e, f )  lifts to a pair of rows of M with property A. 
This completes the case that m >~ 3. 
It now only remains to argue the case that m = 2. Then M has the form 
M = 
$1 
J - Cr  
IT 
C 
$2 
I T  - -  117' 
where C has a single 1, u has a single 1, and the order of S 2 is at least 3. As 
above, if S 1 is not a 1 x 1 zero matrix, we are done by case 2. Thus we can 
take M to have the form 
M = 
0 
1- -c  
1 
C T 
$2 
1 T - -  U T 
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where e is a vector with a single 1 in it. We present this as our last case 
below. 
Case 4: 
[ ITl ] 0 ep M = 1 - -  ep  S t 
1 17, - e r 
q 
fi)r sonw p and q, where S is irreducible and of order at least 3. Note that 
we can suppose that neither the submatrix of  M on lines 1 to n - 1 nor the 
one on lines 2 to n has scores equivalent to o" R_ l; otherwise we are done by 
Lemma 3. First, we consider that possibility that for some indices g and h, 
0 
1 Fep  
1 
T e p 
s( g, h) 
1T T - -  eq  
0 
e q 
0 
is reducible. I f  that is the case, then without loss of generality, S can be taken 
to have the form 
T1 
J 
J 
j - c  T 
T2 
. . .  ' r s_ l  
for irreducible tournament matrices T 1 . . . . .  T~, and where D contains a 
single 1. Further,  letting T i be the set of  row and column indices of S 
corresponding to T l, 1 K i ~ s, we can suppose that g ~ T 1, h E T~, and the 
1 in D corresponds to the (g, h) entry of S. Since 
0 
1 -ep  
1 
1" ep  
s(g, h) 
1 T T - -eq  
0 
e q 
0 
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is reducible, we find that if p ~ T~I and q ~ T~2, then necessarily i 2 > i 1. 
I f  we are not in the situation that either il = i and T~ is 1 × 1, or i 2 = s and 
T~ is 1 × 1, then the principal submatrix of M on its first ITs[ + 1 lines is 
irreducible, as is the principal submatrix of M on its last [T,[ + 1 lines (here 
[ I denotes cardinality). It now follows that in this situation, we can refer this 
case either to case 1 if s >~ 3, or to case 2 if s = 2. 
Now suppose that i 1 = 1 and T 1 is 1 × 1. Then the submatrix of M on 
lines 2 to n has a pair of rows (u, v) with property A. Since the first row of 
that matrix has sum 1, necessarily u ~ 1. Thus the rows of M corresponding 
to u and v both have l 's in the first column, and we find that those rows of 
M must also have property A. An analogous argument goes through if i 2 = s 
and T s is 1 × 1. Consequently, if 
0 
1 -  
1 
T ep 
ep S( g, h) 
T 1T--l~q il 
is reducible for some g and h, we are done. 
Finally, we suppose that 
0 
1 -% 
1 
T ep 
S(g, h) 
1 r T - -eq  il 
is irreducible for all g and h. Let M 1 be the submatrix of M on lines 2 to n. 
I f  the minimum row sum of M 1 is 2, then by Lemma 2, there are at least 
three pairs of  rows of M1, (a~, b~), 1 ~< i ~< 3, satisfying (1)-(3) of property A. 
For at least two of those pairs, say (al, b 1) and (a2, b2) , we have 1 ~< 
a 1, b 1, a 2, b 2 ~< n - 2, and p ~ al, a 2. Further, for at least one of those pairs 
of rows, (al, b 1) say, q :~ bl, and it follows that (al, b 1) lifts to a pair of rows 
of M with property A. 
Now suppose that the minimum row sum of M 1 is 1, and without loss of 
generality we can suppose that it is the first row of M 1 which has sum 1. 
Necessarily, the (1, j )  entry o fM l is 1 for some 1 ~<j ~< n - 2, and all other 
entries in that row are 0. Now M 1 has a pair of rows (u, v) having property A, 
and necessarily v -~ j, because row j is the only row of M1 besides row 1 to 
have a 0 in the first column of M 1 [and of course the pair (1, j )  of M 1 doesn't 
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have property A]. If p = v, then row j of M1 is bordered by a 1 in the first 
column of M, and it follows that the pair of rows (2, j + 1) of M must have 
property' A. On the other hand if p ~ v, then row t~ of M~ is bordered by a 1 
in the first column of M, and we find that (u, v) lifts to a pair of rows of M 
with property A. This completes the last case, giving us the desired result. • 
EXAMPLE 2. Referring to the appendix of Moon [12], which lists all of 
the nonisomorphic tournaments up to order 6, we see that there are just 6 
irreducible nonisomorphie 5 × 5 tournament matrices. Note that the Perron 
value of each is at most 2. These matrices are listed below: 
00 i °  0,0 
M~ = 0 0 0 1 l , M 2 = 0 0 1 
0 0 0 1 0 0 
1 0 0 1 1 1 0 
0 
0 
0 , 
] 
0 
I i  0 0 1 i ]  
o ,  o o] 
M:~ = 0 0 0 , 
1 1 0 
I 0 l 
n 4 
0 0 0 0 l ] 
1 
l 0 ] 0 0 
1 0 0 1 0 , 
1 1 0 0 0 
0 1 l I 0 
[i°°°i] [i 0 0 0 1 0 0 0 0 M5 = 1 0 0 , M 6 = 0 1 0 0 1 • 1 1 0 1 1 0 0 1 1 1 1 0 1 0 
Observe that the pair of rows (1, 2) of M~ has property A, while the pair (2, 3) 
in each of M 2, M 3, and M 4 has property A. Finally, note that both M 5 and 
M 6 have o15 as their score vector. 
Theorem 1 immediately yields the following result. 
TIIEOREM 2. Suppose that M is an irreducible n x n tournanwnt ma- 
trix, and that p(M) is the minimum possible Perron value of  any irreducible 
tournanwnt matrix ~f order n. Then the scores (~ M are equivalent to %. 
Proof. From Proposition 1, we know that necessarily p(M) ~< 
p(T 1 o . . . . .  ) < 2.5. Applying Theorem 1 to M, we find that either the scores 
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of M are equivalent o o- n, or there is a pair of rows (a, b) of M which has 
property A. I f  the latter holds, then from Proposition 2 we find that 
p(M(a,  b ) )< p(M) and M(a, b) is irreducible [from (4) of property A], 
contradicting the minimality of p(M). Hence the scores of M must be 
equivalent to o~, as desired. • 
3. TOURNAMENT MATRICES WITH SCORES EQUIVALENT TO (r~ 
Throughout this section, we let Pl,~ ...... i , , ,(h) be the characteristic 
polynomial of Tz, ~ ...... ~k, n- Further, we let p~, ~ ...... ij(A) be the characteristic 
polynomial of the principal submatrix of T 1 i~ i~ n on lines 1 through i j ,  
and p,j ..... , , , , (h) be the characteristic polynomiai of the principal submatrix 
° f  Tl, i~ ..... ik, n on lines ij through n, for 1 ~<j ~< k. Again, we require a few 
lemmas before proceeding to the main result. 
LEMMA 4. Suppose  that  n >t 4 and  that  k >1 2. Then  
P l , '  ...... ik, n (A)  i l-1 
-- •i3--i1--[[ (• -~- 1)i1--2 -- /~il--2] pi ...... 'k' ~(/~) 
k-1  
-- E /~i J+~-i J - l (  )t q- 1) i J - j - lp i j+  1 . . . . .  i k ,n (a )  
j=2  
- A"- i ' (A + 1) i~-k-1 - (a  + 1) " -k -z .  
Proof .  Recall that for a (0, 1) matrix A of order n with zero diagonal, the 
characteristic polynomial of A can be written as det (A I -  A )= 
3Zse u A'-~(s)( - 1) c(s), where U is the set of all unions of vertex disjoint 
cycles S in the digraph of A, and where v(S) and c(S) denote the number  of 
vertices in S and the number  of connected components of S, respectively 
(see [6]). Thus we see that Pl i~ i n(A) can be written as 
gSEUl~n-v(s)(--1) c(s) "~ gS~U.21~ - ( ' - - ' i ) "  ', where U~ denotes the set of 
unions of disjoint cycles in the digraph of Tl, i ...... ik, n which do not involve 
the arc i ~ i l, and U e is the set of unions of disjoint cycles in the digraph 
which do involve the arc 1 ~ i 1. Evidently Es ~ u~A'-~(s)( - 1) C(s) is equal to 
Aq-  1 Pi ...... ix, n (A). 
Now i fS  ~ U 2, then either S has the form l ~ i I ~ i  e ~ "" ~ i  k - - *n  
a I ---) a 2 ~ " .  ~ a t ~ 1 where a~ > a 2 > .-. > a,, and a l ,  a2,  • • . ,  at  
{1, 2 , . . . ,  n} \ {1, i l , . . . ,  i k ,  n},  or S can be written as the union of a cycle 
of the form 1 ~ i 1 ~ i z ~ " .  ~ i j  ~ a 1 ~ a2 ~ "'" --* at  --~ 1, where 
a 1 > a 2 > ""  > at ,  and a 1, a z . . . . .  a t ~ {1, 2 . . . . .  i j} \ {1, i l ,  i 2 . . . . .  i j},  
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along with a union of  disjoint cycles in the subgraph on vert ices ij+ 1 through 
n. In part icular,  i f j  = 1, the cycles of  the form 1 ~ i I ~ a t --9 a 2 ~ -"  --* 
a t ~ 1 are in one to one cor respondence  with the nonempty  subsets of  
{1,2 . . . . .  i 0 \ {1, it}, and this contr ibutes a term of  -,V2-i~-l[(,~ + 1) i~ 2 
- hi~-2 ]P, ...... ik.,,(A) to the character ist ic polynomial .  For  each 2 ~<j ~< k - 
1, the cycles of the form 1- - * i  l ~ i  2--* "" - - * i j - -oa  I ~a ,2 - - *  "'" --*at 
-~ 1 are in one to one cor respondence  with the subsets of {1, 2, .  i j} \ 
{1, i l, i . . . . . .  i,} ( inc luding the empty  set), and these col lectively contr ibute a 
term of -E !Z~A' J+ ' - ' F~(a  + l )~, - J -~p,+ ~ ,,(A) to the character ist ic 
polynomial .  FJinally, the terms -A '~-~(X  + i f  ~'-~-~ and - (A  + 1)"-k ~, 
arise from consider ing cycles of  the form 1 --* i I --* i 2 --* -"  ~ i~ ~ a I --* 
a 2 - - *  " "  - - )  a t --* 1 and 1 --* i~ --, i 2 ~ ... ~ i k ~ n ~ a~ ~ a, 2 ~ "" 
a~ --* 1, respectively. Putt ing the various terms together  yields the des i red 
formula for PL i ...... i~, , (h) .  • 
COROLLARY 4.1. I f  A >i p(T i .  ~ ...... ~.,,), then Pl.i . . . . . .  i~,,(.)t) < 
Ai'-ltOi ...... 0,, n (h). 
Pro@ From Lemma 4 we have 
p .i . . . . . .  'p ,  . . . . . .  
~k- l~ i  +l-i j-1( L , . .  - e.,j=2a~ A+ 1) ~'-/ 't'~,~ .~ . , (A )  
- a , , - , k (a  + 1)  1 _ (A  + 1) " 
Since h ~> p(Tl ,  q .  i k n), then A is larger than the Perron value of  an). 
pr inc ipal  submat~x'o ' f  T1, i ...... i~, .  Thus, A is larger than the maximum root 
of  p~j ..... ix,,,, 1 ~<j ~< k, so that p~ ...... ~, ~(h) > 0 for all such j ,  y ie lding the 
result. • 
COROLLARY 4.2. I f  A >~ p(T l ,  ~ ...... ~ , , ) ,  then Pr,~ ...... ~k.,, (A) < 
An-~Pl ,  i ...... ix( A)" 
Proof. This follows from Corol lary 4.1, once we observe that the trans- 
pose of  Tl ,~ ..... ix,, is permutat iona l ly  s imilar to Tj,,, i~+ 1 ....... -i~+ l .n '  • 
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Next we use a techn ique similar to that used in Lemma 4 in order to 
obtain a useful expression for Pl, i~ ..... ij l, ij . . . . .  i~, ,(A). 
LEMMA 5. Suppose  that  2 <~j <~ k ,  and  let i o = O, ik+ 1 = n + 1, 
PL i0 (A) = 1, and Pi~ . . . . .  (A) = 1. Then 
P l , i  . . . . . .  i j_, , i j  . . . . .  ik,n(~') 
= , i j - i j  , - lp l , i  . . . . . .  ij_ 1 ( /~) Pij ..... ik, n(t~) 
__ (~ i j+~- i j - l~ i j _ t - i j _2 - l [ ( )~  _4_ 1 ) i j - i j - l - ' -  )kij-i)_ , 1] 
× ..... p,j . . . . . . .  , , , , , (x )}  
k-j>~q>~O 
j - l>~m>~l 
(q, m)~(O, D 
- q m 
X P l ,  i I ..... i t . . . .  ( /~)  Pij+ q . . . . . . .  ik, n( /~) } 
- E + . . . . . . .  , , ° ( , )  
k-j>~q>~O 
-- E t~iJ-"-iJ . . . .  1-1(/~ q- 1) n- i j  ''~ 'n -k+j - lp l , i  . . . . . .  ij ..... ( }k) 
j -  l >~m>~ l 
- (X  + 1) "-k-~ 
Proof .  Again we use the fact that det (X I -  TL i  ...... i~,,) = 
EsEvX" -v (S) ( - -1 )  ~(s), where U is the set of all unions of vertex disjoint 
cycles S in the digraph of T1, i ...... ik, n" This t ime we categorize the cycle 
unions according as they do or do not use the arc i . .  ~ i ." those that don't  
i - - i  1--1 J--I i(  ~ contain that arc contr ibute the term A, , P l , i  . . . . . .  ij- )Pi2 . . . . .  ik,,(A) to 
the characteristic polynomial.  
Next, consider the cycle unions which do contain the arc i j _  1 ~ i j~ For  
those unions containin~r a cycle of the form i . ~ i ~ a. --* a~ -~ --" o ~ j -~  j • z 
a t~ i j  1, where a I >a  2 > "-" >a  t and a 1 a 2 ,a  t ~{ i  1 i 1 + 
1 . . . . .  i j} \ { i i _  l ,  i j}, we get a contr ibut ion of  -{ l~ i j+t - i J - [~ i j - I - I J -2 -1 t ( t~ "~- 
i j - i j  {-1 ~ i ] - i j - i -1  • • 1) -A  ]19,, , (A)~9, , ,(A)} to the charactenst lc s~, ~1,..., ~j_ 2 #t +l,...,tk,.. 
polynomial  For  unions contain in~ a cycle of the form i ~ i. - .  ~ "" 
i j+q --~ a 1 --~ a 2 ~ . . ,  --* a t ~ i2_, ,  , where (q, m) 4: (0, 1), a 1 > a 2 > 
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• -. > a , ,  and  a~, a 2 . . . . .  a t ~ { i j _m,  i j _  m -t- 1 . . . . .  i j+q} \ 
{ij_,,,, i/ .... + ~ . . . . .  i j+q}, we get a contr ibut ion of  
Z (A i j+q+i - - i )+q |/~i] 
k- j>~q>~O 
j - l>~m>~l  
(q, m)¢ (0, 1) 
,,,-ij , .... - l (~ .  + 1)i j+,,- i j - , , , -q -''1 
to the characterist ic polynomial.  Finally, consider ing unions with cycles of  the 
forms 1 ~ i~ --9 i 2 ~ ... ~ i j+q  --~ a 1 --+ a 2 --+ . ."  --* a¢ ~ l ,  i j _  m ~ "." 
i k ~ U ~ a I ~ a e ~ "" ~ a t --9 i j _m,  and 1 ~ i r ~ i 2 ~ -"  ~ i k 
--* n ~ a I ~ a, 2 --* - "  --* a t ~ 1 now y ie lds  the  te rms 
_Ek_ j )q>>.o l~ i l .q+j  ij+q I (A  + 1) i j+, ,=j  q- lp  ,~  ~, , (A) ,  
"+' *,~ .... I(A), and E ~ . . . .  jA i i - " - i /  . . . .  -~(A + 1)" ij , ° -m-k+j -~ × p~,~,.. 
(A + 1) " -~-z  respectively. • 
Our  goal in this section is to compare  the Perron value of  T1, ~, ..... ~k, , to 
that of  T 1 ~, ~ ~ ~- i  ~j ... J~ ,,- Note  that the tournaments  associated with 
these matr i cesare  c~osel~ re'lated: the latter tournament  ca n be obta ined from 
the fo rmer  by reversing the or ientat ion of  the arcs on the 3-cycle i j_  j --* ij 
i j  - -  ] ~ i~ .  Next we analyze p~ i~ i i -~ ,,(A) in a manner  • • , ' ' ' , j  I , j  , "-',  
analogous to i~le approach of  Lemma 5. ~. i~, 
LEMMA 6. Suppose  that  2 <~j <~ k, and  let i o = O, ik+ l = n + 1, 
p~,~,(a) --- 1, and p~ . . . .  (A)  -~ 1. I f  ij >~ i j_ ~ + 2, then 
= .v , - ' ,  ~, -~p~. ,  . . . . . .  ,~_ ,(~.)  p~, . . . . .  , . . . (A )  - A '~+, - ' , - ' ; v , - ,  - ' , -~ -~ 
E (~ij+#+l- 
k-j~q ~ 0 
j - 1 ~ m ~ 1 
(q ,m) / (O ,1)  
i/ ',-l,t~* "-*J . . . . .  -~(A  + i )  i '+'- is " -q - "  I 
E 
k- j>~q>~O 
~tj+,j+l 
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- E *" -~-"  ....... - ' (a  + 1) "- ' , - '°-m-~+j-~ × p,,,  ...... ,, ..... ~( , )  
j - l> jm>~l  
- (x  + 1) " -k -~ 
- E {a"+"+~-"+"-',v'-"-'-~(a + 1) ~'+"-''-~ 
k- j>q>,  l 
xp, , , ,  ..... ,,_,( ;0 p,,+.+, ..... ,~.~,( *)} 
- * " - " - ' -~(*  + 1)°-" -~+J-~p~,,  ...... ,, 1(*) 
- ) t%~-i J  ~-1[( h + 1) 'j-~j-~-2 - h iF%l -21P l , '  ...... ij--2 (~)  
X Pij ..... i k, n(A) 
-- E ~Q-m--iJ ..... 1- - I ( /~  + 1)Q--iJ-m--'l--lPl,i . . . . . .  Q . . . . .  (~)  
j--l>~m>2 
x p,, ..... ,~. ° (a)  - (x  + 1) ' , - j -~ p,, ..... ,~., ,( ,) .  
Proof .  We use the fact that det (h I -  T lq  i ~ i -1  9 i~ , )=  , , . . - ,  j , • , , . . . ,  , . 
Es~ v X"-~(s)( - 1) c(s), where U is the set of all unions o (ver tex  disjoint 
cycles in the tournament associated with our matrix. We classify the cycle 
unions in U into four categories: U~ consists of those cycle unions that 
contain neither the arc i j - 1 ~ ij nor the arc i j_ 1 ~ i j - 1, U 2 consists of 
those containing both i j - 1 ~ ij and i j _  1 ~ ij - 1, U 3 consists of those 
containing i ; -1  ~ i ;  but not i j _  1 ~ i j -1 ,  and U 4 consists of those 
containing i j _  1 ~ ij - 1 but not i j - 1 ~ ij. 
Considering the cycles in U> we get a contribution of 
~"-" ~-~pl,, ...... , ,- l(x) p,, ..... ,~, , (x) .  
For the cycles in /.]2, we have a contribution of 
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[ 
E { )kij+,~+ ~- ij+ 1Ai , ,,, - (] 
k-./>~q>~O 
j -  1 >~m) 1 
(q ,m)¢(O, l )  
- -  m it . . . .  -1 ( .~ + 1)',+,, ' ,  q-,,, 1 
Xp| . i  . . . . . .  i .... (~)  Pi,+q+ ... . . .  'L , ' l (A )  } 
- E X',* .... 'J*', I (A  + I) ij-' j "-:~Pi,.,,_~ .... ik,n(A) 
k- />~q)O 
E ~ij m ij ,,, ] 
.j - -  1 >>- m >1 I 
- I (A  + 1)"  i . . . .  ,,,-t-+~-2 
P] . i  . . . . . . .  , . . . .  ( ]~)  
- ( , t  + 1) ''-k-~ 
The first o f  these  te rms ar ises f rom cycle un ions  conta in ing  a cycle o f  the  
form ij ~ ~ i j  - 1 ~ i j  ---* a 1 --', a 2 ~ " "  ~ a t ~ i j  l ,  where  a I > a 2 > 
• " > a t and ar, a2 , . . . ,a~ ~ { i j _ l ,  i j _ l  + 1 . . . .  , i /  - 1, ij} \ { i j _ j ,  ij - 
1, i ) .  The  second te rm comes  f rom un ions  w i tha  cycle o f  the  form 
i j _ , ,  ~ i j  , , ,+I  --* "'" ~ z j _ !  - * . t j  1 ---* i j  ~ "'" ~ i1-. q ~ a., ~ ao_ ~ " "  
a t - - * i  i .... where  (q ,  m)  ¢ (0,1) ,  a 1 >a 2 > ""  >a  t, and  a~,a2 , ,  a t 
{ i j  .... i j _  ,,~ + 1 . . . . .  i j+q} \ { i j  . . . . .  i j _ , ,~+ ~ . . . . .  i j _  ~, i j  - 1, i j  . . . . .  i9+q}.  The 
remain ing  three  te rms ar ise f rom un ions  conta in ing  cycles o f  the  form 
1- - - ) i l  ~ ' - "  - - ) i j  i ~ i j -  I ~ i j - -~-"  - -~ i j+q ~a l  - - )a2  - - ) ' ' "  ~at  
-* 1, ij , - - )  . . .  i i l ---) i )  - 1 - -~ i j  --~ . . .  --~ i j, --* n ---) a l --* a2  - - )  " "  - - )  
a t ~ i/ ,,,, and  1 --) i I ~ ""  --* i ~ ij - 1 --~ ij --* - "  -~ i/, --) n ~ a I 
--~ a 2 - - )  " "  ----) a t ~ 1, respect ive ly .  
F rom the  cycles in /~,  we  have a cont r ibut ion  o f  
- E {att ..... -t,+,, lz, ,, , -2 ( ,+  t)t .... , i - , , t ) , t  ...... tj , (a) 
k- j  >~q >~ 1 
xpt,  .. . . . . . . . . .  ~ , , (a)} 
__ ,~l i i, I 2 ( i  ~ -1- 1 )n - i i  - k+ j  l p l , i  . . . . . .  ij , ( '~)° 
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The first term arises from unions having a cycle of the form i j  - 1 ~ i j  
i j+  1 ~ " "  ~ i j+q  ~ a 1 ---) a 2 --* . . .  ~ a t ~ i j  - 1, where q >/ 1, a I > a 2 
> " .  > a t ,  and a l ,  a2 , . . .  , a t E { i j  - 1, i j , . . . ,  i j+q  - 1, i j+q} \ { i j  - 
1, i j  . . . . .  i j+q}.  The second term comes from unions having a cycle of the 
form i) - 1 --9 i j  ----) . ' .  ---) i k ~ n ~ a I ~ a 2 ~ ". .  --~ a t ~ i j  - 1, where 
a 1 > a 2 > " "  > at ,  and a l ,  a 2 . . . . .  a t ~ { i j  - 1, i j  . . . . .  n - 1, n}  \ { i j  - 
1, i j  . . . . .  i k ,  n} .  
Finally, from the cycles in U 4 we obtain a contr ibut ion of 
- - * i t  l-- 't 2 - -1 ( ( *  Jl= 1 )  i t -Q  I--2 --  1\ ' j - i t  I - -2 )p l ,  ~ . . . . . .  i t 2( ~)P ' j  . . . . .  ik ,n(  * )  
- E x'J ,,,-,t . . . . . .  -1 ( ,  + x p, , , ,  . . . . .  ,j ..... 
j-l>~m>~2 
xp,  t .. . . .  - ( ,  + 1) ' , - J -2p ,  t . . . . .  , , . . ( , ) .  
The first of  these terms arises from unions having a cycle of the form 
i~ 1 ~ i j  - 1 --~ a 1 ~ a 2 ~ . "  ~ a t --* i j  - ] where a 1 > a 2 > --- > at ,  
and a l ,  a 2 . . . . .  a t ~ { i  j _  l ,  i j _  t + 1 . . . . .  i j  - 1} \ {i j _  1, i j  - 1}. The second 
term comes from unions having a cycle of the form i j _  m ~ t j -  m + 1 ---) "'" 
i j _  1 --~ i j  - -  1 "4  a 1 ~ a z --* " "  ~ a t ~ i j _m,  where m >~ 2, a 1 > a 2 > 
• " > at ,  and a l ,  a 2 . . . . .  a t E { i j  . . . .  i j _  m + 1 . . . .  , i j  - 1} \ 
{ i j -m,  i~-m+l . . . . .  i j _ l ,  i j  - -  1}. The last term comes from unions having a 
cycle o l the  form 1 ~ i 1 ~ " "  --* i j _  1 ~ i j  - [ ~ a 1 --* a 2 ~ " "  ~ a t 
1, where a 1 > a 2 > "" > at ,  and a l ,  a 2 . . . . .  a t E {1, 2 . . . . .  i j  - l} \ 
{1, i 1 . . . . .  i , _  1, i j  - 1}. Putt ing all of  these contr ibut ions together now yields 
the desirec(formula. • 
We now use Lemmas 4 -6  in order to obtain the following result. 
THEOREM 3. Suppose  that  2 <~ j <~ k ,  and  that  i j  >1 i j _  1 q- 2 .  Then  
P(T I , i  I . . . . .  i t _ l , i t - l , i  t . . . . .  ik,n ) < P(T I , i  t . . . . .  ij , , i  t . . . . .  ik,n )" 
Proof .  Let )t o be the maximum root of P l, ~ l i i n(A) and t l ' ' ' ' ' * j - I "  j - -  ' j . . . .  ' x" 
let A 1 be the maximum positive root of Pl, i ...... %l,~j ..... ik, n(A). Evident ly 
2to = P(Tl, i ...... it-~,ij-l, ij ..... i~,,), while X 1 = p(T1. i ...... ij_~,i t..... ~k,,). Our  
techn ique  wil l  be  to show that  Pl,~ ...... i ~, 1 i i ,,(A) > J - ' J  " J  . . . . .  k, 
P l ,  q . . . . .  it t,it ..... ,k,n(A) whenever  A >~ )t 0. This will then yield the fact that 
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Pl. i ...... ij ,,,, ..... i~,.(A0) < 0, so that "~1 must exceed A 0 by the intermediate 
value theorem. 
From Lemmas 5 and 6, we find that 
P] ' l l  . . . . .  i I 1 , ' ,  ' , i j  . . . . .  ' k ,n (a )  - -  ~ 'b '  . . . . . .  ', l ,d . . . . . .  i~ , ' l (a )  
= (Ai,+~ ij IAi ~ ~-i: ~,-1[( A + l ) i a - i t  ~-1  Ai i_ i~ ~ 1] 
x t,~,, ...... , ,_~(a)p,, ....... , , . , , (a)}  
E 
k - j /> q/> 0 
j - l>m>l  
(q. m)4=(O, l)
{a i j+,/+l- i i+q 11~i j ,,,-i . . . . .  i - I ( /~ .  _f. 1)it+,l-i j .... q .... 
X P[.i . . . . . .  i, . . . . .  (~)  Pij+q+ ...... ik. , ( /~) } 
+ E ,v,-,,-~-',+,,-'(a + 1) ',+,,-j-' 'p,, . . . . . . . . . .  , , , , , (a)  
k-j>~q>~O 
+ E ,v,-,,,-', .... ' (a+l ) " - ' ,~" - ' " -~+J - ' , l , ,  ...... , . . . . .  (a )  
j - l>m>l  
+(~ ~U 1) " -k - '2  -- ~ ij+l i--l~i,_l--i d 2 ] (a  + ~)g'--" 1 ~ 
{A ~j . . . . .  - * . . ,  IA~j ,, ,-~, . . . . . .  - I (A  + 1)'J+,, i ..... q ,,, , 
k-j>~q~O 
j - 1 > m > 1 
(q, m)~(0,  1) 
X Pl , i  . . . . . .  ij . . . . .  (~)Pi j+q. ...... ik ,71(1~) }
E 
k-j>~q>~O 
,',+.,+.-',*., ' (a  + 1)'. . . . .  j-~,-2 .. ...... ,~.,,(a) 
- ~ ai,  " -~ ,  . . . . . .  - l (a  + 1)"  ' ...... - - , , , - k+ j -2  
j-l>>.m>~l 
x p , , ,  . . . . . .  ,j . . . .  (a )  
300 STEVE KIRKLAND 
- (A  Jr- 1) n-k-3 
- E {a"+~+'-"+'-1~'-"-1-2( A + 1)"+"-"-~P',' ...... ~,-, 
k-j>q>>.l 
X ( II~)pij+q . . . . . . .  ik, ¢1( •)} 
-X" -%' -2 (  A + 1) " - i ' - k+ j - 'p ' , i  ...... 9 ,(X) 
__/~ij_l__ij_2__l[ ( /~ j/_ 1)i,--'j-,--~ __ t~ij--ij 1--2] 
X Pl,i ...... i j -2(*) Pi' ..... ik, n("/~) 
-- E ,i j  m--ij . . . . .  - -1( ,  .~ 1)iJ--'J--m--Ill--lp]., 1 ..... i, ..... 1 ( * )  
j-l>~m>_.2 
x p,, ..... ' k , . (a )  
- ( *  + 1) ' , - J -2p, ,  ..... i , , . (h) • 
Collecting similar terms together and simplifying, we find that 
Pl,i, ..... i j_,,i j-l, i, ..... ik,n( *) -- Pl,i ...... ij l,'j ..... ik,,,( *) 
X P l, i I ..... i,_ 2(~) Pij . . . . . . .  'k' n (* )  ) 
_ ;,,, ,-,,-~-,[(, + 1) ' , - ' , - ,  -~  _ ;,,,-,, ~-~] 
xp, , ,  ...... , ,_~(a) p,, ..... , , . . ( , )  
+ E { x '+"+' -%' - lh%' - ' '  ..... - l * (a  + 1)%"-" . -q -m- ,  
k-j>_-q>O 
j - l>~m>l  
(q, m)~ (0, 1) 
xp, . ,  ...... ,, .... , ( , )  p,,+,, . . . . . . .  ~ . . ( ,~)}  
~- E { l~j'+q+l-ij+q-la(* ~- 1)'iJ+q--J--q--2pij+q . . . . . . .  'k 'n(t~) } 
k-j>~q>~O 
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+ ,F_., a', ' " - "  "' ' -~a(a  + 3) " - "  " - "  k+j-'~ 
j-l>_-m>~l 
Xp] , ,  . . . . . .  i, . . . .  ( /~)  -1- /~'( /~" "Ji- 1) ' l -k -3  
- E {a', ..... - ' , .-~.v,-',  ~,-~(a + 1) ',+~-',- '  
k- j>q>~l  - 
- E 
j -  1 > m ~> 2 
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xp,., ...... ,,..,(a) p,,.,,_ ...... , , , , (a )}  
Ai,_,~_i, .... _ l (a  " + 1)ij ij ,,,-,,,-1 
xp, , ,  ...... , . . . . .  (a)p,, .  .... ,~.,,(A) 
- -A iF%, -2 (a  + 1)"-~-k+J -~ 
xp,., . . . . . .  ,, , (a ) - (a+ 1) ',-j ~p, ....... ,~,,,(a) 
+ E (A%', - '  'J+',-'A',-" ', . . . . .  'A(A ÷ 1) %' - '  ..... q-'" ' 
k j>q>l 
j-I>m>~2 
xp,.~, . . . . .  ,, ..... (a)  . , ,  . . . . . . . . . .  ,~ . , , ( . ) '  
+ 
X 
~ij+q- l - i l@e'- - l (~ - 1)i'~q--i] 1 q--2pi . . . . . . . . . . . .  k, r l (~) 
k j>q>~l 
,v , - , - ' , -~p, , ,  ...... ,,_~( a) - 77 -7  
xp~., ...... / , , (a )}  
/ 
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+ E { a ' ' - ' '  - ~' ..... - l (A  + 1) ~ ' - ' ' - ' ' - ' ' -  ~ 
j -  l>m>_-2  
×p~.,~ ..... ,, ..... ( , )  x [,',+~-',p,, ....... ,~.,,(A)-p,, ..... ,~. , . ( , ) ]}  
~1- E l~ij+q+l -- ij+q -- 1/~( ~ "Jl- 1 )  ij+q --j --q --2 
k- j>~q>~ l 
Xpij+q . . . . . . .  ik, rI( l~) + ( h + 1) i ; - j -2 
x[A',+,-',p,, . . . . . . .  ,~ .o ( , ) -p , ,  ..... ,~ . . ( , ) ]  
+ E hi '- '°- i '  . . . .  -g t (h  + 1) " -%" -m-k+2- '2  
j - l>~m>~2 
X Pl, i l  ..... i, ...... (h)  + h(h + 1) n-k-a + (h + 1) "-i' ,-k+j-a 
[ ( ),j jl2 
X * i j - l - i j -2P l , i  I . . . . .  i j~2(}~) - -  
X Pl,i . . . . . .  ij- 1(/~') ] " 
Now suppose that h >~ h 0. Then h also exceeds the maximum roots of 
both Pi i ,, and Pl i i . F rom Corollaries 4.1 and 4.2 we find that • . j , ' ' ' , k ,  , l . . . . .  j 1 . . 
hb+t-bP i  +1 i, ,,(h) -- Pi i, . (h)  > 0 and that hb-~-'J ~ X Pl, i~ ..... i 2 2 (A) 
- [ h / (h J  +"i'j]~::i; ,-2p,,;,iiii'.,~i_~ ()0 > O. Thus we see that each term m the 
above expression for 
P l , i  . . . . . .  i j - l , i j - -  l , i j  . . . . .  i k ,n (  t~) - -  P l , i  . . . . . .  i j - l , i j ,  . . . .  ik, n(  j~) 
is nonnegative, and several are positive; consequently h 0 < hi, as desired. • 
EXAMPLE 3. The characteristic polynomial of the 9 × 9 tournament  
matrix T1, 2, 5, s, 9 is h 9 -7h  6 -  12A 5 - 17h 4 -  20A 3 - 15h 2 -6A-  1, while 
the characteristic polynomial of T1,2,4,5,s, 9 is h 9 -  7)t 6 -  10h 5 -  10)t 4 -  
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5A 3 - A 2. Thus we see that the Perron value of the former matrix exceeds 
that of the latter, as anticipated by Theorem 3. 
THEOREM 4. Suppose that M is an irreducible n × n tournament ma- 
trix, and that M minimizes the Perron value over the class of irreducible 
n × n tourv~auwnt matrices. Then M is pervnutationaUy similar to T h 2,,a ....... • 
Proof. From Theorem 2, we find that the scores of M are equivalent to 
~,. I f  n is 3 or 4, the result is immediate. For  n >t 5 we can suppose without 
loss of general i~ that M =T l , , ,  ..... ik .... where i I =2 ,  i k =n-1 ,  and 
k >I 2. ( I f  i I ~ 1, we can exchange the first two rows and columns of M to 
put it into that form; if i k 4: n - 1, we can exchange the last two rows and 
columns to put it into that form.) If for some k >~ j >~ 2 we have ij >1 ij I + 2, 
then by Theorem 3 we find that p(M) > p(T l i  ...... i I ,,i i i.i/ ..... ik.,,), a 
contradiction. 
Hence, we must have ij = ij 1 + 1 for all such j ,  which shows that in 
fact M = T L 2 3 ....... - • 
The author extends his thanks to Pr~essors David Gregory, Denis Hanson 
and Bjarvw Toil fo r  a number of helpful discussions on the material in this 
paper 
REFERENCES 
1 L.W. Beineke and K. B. Reid, Tournaments, in Selected T¢rpics in Graph Theory 
I (L. W. Beineke and R. J. Wilson, Eds.), Academic, New York, 1978. 
2 J .A. Bondy and U. S. R. Murty, Graph Theory with Applications, Macmillan, 
London, 1977. 
3 R.A. Brualdi and Li Qiao, The interchange graph of tournaments with the same 
score vector, in Progress in Graph Theory (J. A. Bondy and U. S. R. Murty, 
Eds.), Academic, Toronto, 1984. 
4 R.A.  Brualdi and Li Qiao, Research problem 31, Discrete Math. 43:329-330 
(1983). 
5 R.A. Brualdi and H. J. Ryser, Combinatorial Matrix Theory, Cambridge, U.P., 
Cambridge, 1991. 
6 D. M. Cvetkovic, M. Doob, and H. Sachs, Spectra of Graphs, Academic, New 
York, 1980. 
7 D. de Caen, D. A. Gregory, S. J. Kirkland, N. J. Pullman, and J. s. Maybee, 
Algebraic multiplicity of the eigenvahms of a tournament matrix, Linear Algebra 
Appl. 169:179-193 (1992). 
304 
8 
STEVE KIRKLAND 
S. Friedland, Eigenvalues of almost skew-symmetric matrices and tournament 
matrices, in Combinatorial and Graph Theoretic Problems in Linear Algebra, 
IMA Vol. Math. Appl. 50 (R. A. Brualdi, S. Friedland and V. Klee, Eds.), 
Springer-Verlag, New York, 1993, 189-206. 
9 S. Kirkland, Hypertournament matrices, score vectors and eigenvalues, Linear 
and Multilinear Algebra 30:261-274 (1991). 
10 S. Kirldand, A reversal index for tournament matrices, Linear and Multilinear 
Algebra 34:343-351 (1993). 
11 S. Kirldand, Spectral radii of tournament matrices whose graphs are related by an 
are reversal, Linear Algebra Appl. 217:179-202 (1995). 
12 J .w .  Moon, Topics on Tournaments, Holt, Rhinehart and Winston, New York, 
1968. 
13 E, Seneta, Non-negative Matrices and Markov Chains, Springer-Verlag, New 
York, 1981. 
Received 23 May 1994;final manuscript accepted 9 October 1994 
